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Abstract

The phonon spectra and states in three-dimensional bounded structures - ideal crystal �lms were studied
as continuation of the investigation on analogous one- and two-dimensional systems. The comparison to
corresponding unbounded crystal structures was done. Solving the Hamilton's equation of motion, the system
of homogeneous di�erence equations for determination of the amplitude of small mechanical disturbances
which extended through the observed system, was formulated. From the condition of nontriviality of the
solutions of this system of equations, the phonon dispersion law with main characteristics - appearance
of energy gap, was obtained. In the model structure, the acoustic phonon branches of optical type arise
as the exclusive consequence of �nite boundaries of system. The gap magnitude determining the di�erent
thermodynamical behaviour of �lm-structures, decreases with increase of �lm thickness and disappears with
its increase.

1. Introduction

The scope of our study in this paper is limited to the analysis of the phonons, i.e. phonon
behaviour in thin layered structures or crystalline �lms, which implies the existence of two
boundary surfaces perpendicular to a preferred direction. Besides that, these �lm-structures
could be doped by foreign atoms from one or both sides of the boundary surfaces [1,2] in which
way the internal con�guration of the atom distribution is disturbed [3,4].

Since elastic constants and atomic masses de�ne phonon spectra and states, we conclude
that they must be di�erent in the �lm-structures with respect to the corresponding ones in the
ideal unbounded and translationally invariant crystalline structures [5,6].

We shall study the thin �lm "cut-out" from the ideal cubic crystalline structure with lattice
constants ax = ay = az = a. This structure has a �nite width in the z-direction, while XY -
planes are assumed to be in�nite, meaning that the structure possesses two in�nite boundary
surfaces (parallel to the unboundedXY -planes) lying at z = 0 and z = L (Fig.1.1). The number
of the atoms located along z -direction is assumed to be Nz, and it is also assumed that torsion
constants C�� (� 6= �) can be neglected with respect to the elongation constants C�� [7,8]. These
structures will be entitled the ideal crystalline �lms.

The starting point of our study will be the standard Hamiltonian of the phonon system [6-9]
in the nearest neighbour approximation:
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where: ~p~n and ~u~n - are the momentum and displacement of the atom of mass M~n at the crystal
site ~n = a(nx~ex+ny~ey+nz~ez), while C~n;~� � C~�;~n - is Hooke's elastic constants between the atom

at the site ~n and its neighbouring atoms at the site ~m = ~n+ ~� , ~� = a(~ex + ~ey + ~ez).



Figure 1.1: Schematic representation of the models of ideal crystalline �lm-structures

2. Normal frequencies and normal modes

of phonons in ideal �lms

The Hamiltonian of the phonon subsystem of the model �lm-structure in the nearest neigh-
bours approximation [7-10] is given in the form (1.1), where:
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The concept of the ideal �lm means here the model of the crystal bounded by two parallel sur-
faces which can "breathe" (no rigid walls) along one crystalographic direction (which we choose
for the positive direction of z-axis) perpendicular to the boundary surfaces and unbounded in
the two other remaining directions. Furthermore, besides boundaries, there are no other defects
in the ideal �lm, so inside the boundaries we encounter single atom tetragonal structure.

The Hamiltonian (2.1) adapted to the above mentioned model can be separated into two
parts: the �rst one HS, which includes "surface" terms and the second one HB , which includes
"bulk" terms subject to the conditions (see Fig.1):

Mnx;ny;nz �M ; C �
nxnynz;nx�1;nynz = C �

nxnynz;nxny�1;nz = C �
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Since there are no layers for nz � �1 and for nz � Nz + 1, we must include the following
condition, too:

u �
nx;ny;l

= 0 ; l � �1 ^ l � Nz + 1 ( i.e. l 62 [ 0; Nz ] ) :

If we would assign C �
�1 = C �

Nz+1 = 0, then the boundary atoms (for nz = 0 and nz = Nz) would
be "frozen", i.e. we would have the e�ects of rigid walls [11]. In this way, the expression for the
total Hamiltonian of the ideal crystalline �lm obtains the following form:

HIF = HS +HB ; (2.1)

where:
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We have decided to use the approach of canonical equations of motion [6-9] for the determi-
nation of possible frequencies (energy spectrum) and the states of phonons. We start from the
following system of the equations of motion for the phonon displacements:

- for nz = 0 :
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where 
� =
pC�=M . The solution of this system of Nz+1 homogeneous di�erential-di�erence

equations for phonon displacements can be looked for in the form of the product of an unknown



function (along z-axis) and harmonic function of the position (within XY -plane) known from
the bulk solutions , i.e.
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Substituting this expression into the equations (2.5-7) we obtain:
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In this way the system of Nz + 1 di�erential - di�erence equations (2:5� 7) turns into a system
of Nz + 1 homogeneous algebraic-di�erence equations (2.9). In order that this system possesses
nontrivial solutions, its determinant:
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must vanish. The roots (poles) of this determinant represent one of the forms of Chebishev's
polynomials of the second order [11-14] and can be written in the form:
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; � 6= 0 ; (2.11)

where: R = 2 cos �. Above mentioned condition (DNz+1(R�) = 0) is satis�ed for:
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whose substitution into (2.10) leads to the expression for demanded (possible) unknown phonon
frequencies:
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One must notice that contrary to kx and ky which range from 0 to �=a, one has:
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because Nz � (Nx; Ny).
If one divides the system of equations (2.9) by ��
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this system is obtained in the new form:
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The last of the equations (2.17) is satis�ed for:
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and using this and (2.12) it follows:
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Substituting these expressions into the �rst and second equation in the system (2.17) we arrive
to the unknown coeÆcients P � P� = R� sin
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them into (2.19), and (2.18), it follows:
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According to above calculations (combining (2.8), (2.20) and standard normalization [12]), one
can easily obtain the �nal expression for phonon displacements in the form:
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Comparing the result obtained here with the corresponding one for ideal in�nite structures, one
can conclude that mechanical vibrations in the ideal unbounded structure are plane waves in all
spatial directions, while in the thin �lm they represent the superposition of the standing waves
in z-direction and plane waves in XY -planes. It is also evident that the displacement amplitude
in the �lms is � 104

p
2=Nz times larger1 than the amplitude in corresponding unbounded

structures.
Using (2.14) one can determine the dispersion law for phonons in thin undeformed ideal

�lm2:
E �
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q
G� + Fkxky ; (2.21)

1For very thin �lms Nz � 20, so the factor of the amplitude increase can achieve even 103.
2Most common treatment is that using classical procedure, for example, second quantization method [14], on

the basis of (2.2-4), (2.15) and (2.21), the Hamiltonian HIF is diagonalized, and then the energy spectrum in the
form (2.22) is readily obtained.



where E� = 2�h
� and which is valid together with (2.10) and (2.15). We represent graphically
this energy spectrum at the Figure 2.1a) in function of XY -plane vector k2 = k2x + k2y : Ez� ��
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Figure 2.1: Energy spectrum of phonons in the ideal (ultrathin Nz = 6) crystalline �lms in
function of two-dimensional (XY planar) wave vector and perpendicular wave vector. Within
the band of bulk energies with continual spectrum (bulk limits are denoted by solid dashes lines)
one can notice (7) allowed distance photon energies in the �lm studied (thin solid lines). One
can notice the narrowing of the energy band and the existence of the energy gap.

One can clearly see from the plot explicit discreteness of the allowed energy levels of phonons
in the ideal �lm with respect to the continuum of these values for the corresponding bulk-
structures. All three acoustic frequencies in bulk-structures vanish when three-dimensional

(spatial) vector k =
���~k��� vanishes, while the minimal frequencies of phonons in the thin ideal

�lm-structure are:
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On the other hand, maximal values of the frequencies of acoustic branches in the ideal in�nite
crystal tend to the value (!B
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It can be also seen from the same �gure that the width of the energy band in the �lm is narrower.
From (2.23) and (2.24) we can determine the total narrowing of the band of allowed energies of
the phonons in the �lm-structures with respect to the bulk band:
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3. Conclusion

Studying and comparing the phonon spectra and states in the ideal unbounded and nonde-
formed (bulk) structures and the structures with broken translational symmetry (�lms) we have
reached the following conclusions.

1. Mechanical vibrations in bulk structures are plane waves in all directions, while in the
�lms they represent the superposition of the standing waves in z-directions (perpendicular
to the boundary surfaces) and plane waves in XY -planes (parallel to boundary surfaces).

2. The amplitude of phonon displacements in the �lms depends on the �lm width and it is
� 104

p
2=Nz times higher than in the ideal structures. This indicates their larger elastic

"maneuvering space" without any negative e�ect to the mechanical properties of the given
material (for example no breaking of interatomic bonds) which leads to higher resistance
and higher melting point of the �lms with respect to bulk samples.

3. All three acoustic frequencies in bulk structures vanish for ~k ! 0, while in the �lms they
tend toward some minimal value depending on the �lm width. This means that phonons
in the �lms possess the energy gap, that for their excitation (creation) one should spend
certain energy, i.e. heat them up to certain - activation temperature, meaning that the
system up to that temperature behaves as the "frozen" one, as if the phonons were not
present.

4. Phonon gap, besides depending on the �lm width, depends also on the type of the atoms
and their distribution along z-direction and also on the stechiometric relation of the atoms
injected in the �lms.
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